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❚❛❜❧❡ ❞❡s ♠❛t✐èr❡s

✶ ❊q✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❧✐♥é❛✐r❡s ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ✶

✶✳✶ ●é♥ér❛❧✐tés ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

✶✳✷ ❘és♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❤♦♠♦❣è♥❡ ✭❍✮ ✿ y′ + ay = 0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

✶✳✸ ❘és♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ♥♦r♠❛❧✐sé❡ ✭▲✮ ✿ y′ + ay = b ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

✶✳✹ Pr♦❜❧è♠❡ ❞❡ ❈❛✉❝❤② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶✳✺ ❘és♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ♥♦♥ ♥♦r♠❛❧✐sé❡ ✭▲✮ ✿ αy′ + ay = b ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✷ ❊q✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❧✐♥é❛✐r❡s ❞✉ s❡❝♦♥❞ ♦r❞r❡ ✽

✷✳✶ ●é♥ér❛❧✐tés ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✷✳✷ ❘és♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❤♦♠♦❣è♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✷✳✸ ❘és♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ♥♦r♠❛❧✐sé❡ ✿ ✭▲✮ ✿y′′ + ay′ + by = c(x) ✭c ❝♦♥t✐♥✉❡ ❞❡ I
❞❛♥s K✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✷✳✹ ❘és♦❧✉t✐♦♥ ❞❡ ✭▲✮ ✿ y′′ + ay′ + by = c(x) ❛✈❡❝ c ❢♦♥❝t✐♦♥ q✉❡❧❝♦♥q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✸ ❊q✉❛t✐♦♥s à ✈❛r✐❛❜❧❡s sé♣❛r❛❜❧❡s ✷✶
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✸✳✸ ❆♣♣❧✐❝❛t✐♦♥ ❛✉① éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❧✐♥é❛✐r❡s ❞✉ 1er ♦r❞r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶



❊◆❙❆✶ ❆♥❛❧②s❡ ■■ ❊q✉❛t✐♦♥s ❉✐✛ér❡♥t✐❡❧❧❡s

❊q✉❛t✐♦♥s ▲✐♥é❛✐r❡s ❉✐❢❢ér❡♥t✐❡❧❧❡s

❉❛♥s t♦✉t ❝❡ ❝❤❛♣✐tr❡✱ ♦♥ ♥♦t❡r❛ ♣❛r K ✉♥ ❝♦r♣s ❝♦♠♠✉t❛t✐❢ ✭K = R ♦✉ C✮ ❡t ♣❛r I ✉♥

✐♥t❡r✈❛❧❧❡ ❞❡ R✳

✶ ❊q✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❧✐♥é❛✐r❡s ❞✉ ♣r❡♠✐❡r ♦r❞r❡

✶✳✶ ●é♥ér❛❧✐tés

✶✳✶✳✶ ❉é✜♥✐t✐♦♥ ✶

• ❖♥ ❛♣♣❡❧❧❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❧✐♥é❛✐r❡ ❞✉ ♣r❡♠✐❡r ♦r❞r❡ t♦✉t❡ éq✉❛t✐♦♥ ❞✉ t②♣❡ ✿

✭❡✮ αy′ + ay = b

♦ù α✱ a ❡t b s♦♥t ❞❡s ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s ❞❡ I ❞❛♥s K✳

• ❙♦✐t y : I 7−→ K ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥✳ ♦♥ ❞✐t q✉❡ y ❡st s♦❧✉t✐♦♥ ❞❡ ✭❡✮ s✐ ❡t s❡✉❧❡♠❡♥t s✐ ✿

{
i) y ❡st ❞ér✐✈❛❜❧❡ s✉r I.
ii) ∀x ∈ I; α(x)y′(x) + a(x)y(x) = b(x)

▲❡ ❣r❛♣❤❡ ❞❛♥s ✉♥ r❡♣èr❡ (o,~i,~j) ❞✬✉♥❡ s♦❧✉t✐♦♥ y ❞❡ ✭❡✮ ❡st ❛♣♣❡❧é ❝♦✉r❜❡ ✐♥té❣r❛❧❡

❞❡ ✭❡✮✳

✶✳✶✳✷ ❉é✜♥✐t✐♦♥ ✷

❉❛♥s ❧❡ ❝❛s ♦ù α = 1✱ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ✭❡✮ ❞❡✈✐❡♥t ✿

✭▲✮ ✿ y′ + ay = b

✭▲✮ ❡st ❞✐t❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ♥♦r♠❛❧✐sé❡ ✭♦✉ ❞❡ ❢♦r♠❡ rés♦❧✉❡✮✳

✶✳✶✳✸ ❉é✜♥✐t✐♦♥ ✸

❖♥ ❛♣♣❡❧❧❡ éq✉❛t✐♦♥ ❤♦♠♦❣è♥❡ ❛ss♦❝✐é❡ à ✭▲✮ ❧✬éq✉❛t✐♦♥ s❛♥s s❡❝♦♥❞ ♠❡♠❜r❡ ✿

✭❍✮ ✿ y′ + ay = 0

✶✳✷ ❘és♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❤♦♠♦❣è♥❡ ✭❍✮ ✿ y′ + ay = 0

▲❛ ❢♦♥❝t✐♦♥ a ét❛♥t ❝♦♥t✐♥✉❡ s✉r ❧✬✐♥t❡r✈❛❧❧❡ I✱ ❞♦♥❝ ❡❧❧❡ ❡st ✐♥tè❣r❛❜❧❡ s✉r I✳
❙♦✐t ❞♦♥❝ F ✉♥❡ ♣r✐♠✐t✐✈❡ ❞❡ a s✉r I ✭✐✱❡ ∀x ∈ I ❀ F ′(x) = a(x)✮✳
▲✬éq✉❛t✐♦♥ ✭❍✮ s✬é❝r✐t ❛❧♦rs ✿

✭❍✮ ✿ y′(x) + F ′(x)y(x) = 0 ∀x ∈ I

❈♦♥s✐❞ér♦♥s ❧❛ ❢♦♥❝t✐♦♥ ✿ x 7−→ eF (x)✳ ❈❡tt❡ ❢♦♥❝t✐♦♥ ♥❡ s✬❛♥♥✉❧❡ ♣❛s s✉r I✱ ❞♦♥❝ ❧✬éq✉❛t✐♦♥ ✭❍✮

❡st éq✉✐✈❛❧❡♥t❡ à ✿

∀x ∈ I; y′(x)eF (x) + F ′(x)eF (x)y(x) = 0

❙♦✐t ❛❧♦rs ✿
d

dx
[y(x)eF (x)] = 0

■✳❊❧♠❛❤✐ ✶ ❆♥♥é❡ ✷✵✵✼✲✷✵✵✽
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❉♦♥❝ y(x)eF (x) = cte

y(x) = cte.e−F (x)

❖♥ ❞é❞✉✐t ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t ✿

✶✳✷✳✶ ❚❤é♦rè♠❡ ✶

▲❡s s♦❧✉t✐♦♥s ❞❡ ❧✬éq✉❛t✐♦♥ ❤♦♠♦❣è♥❡ ✭❍✮ ✿ y′ + ay = 0 s♦♥t ❧❡s ❢♦♥❝t✐♦♥s
y : I 7−→ K

x 7−→ ce−F (x) ♦ù c ❡st ✉♥❡ ❝♦♥st❛♥t❡ ❡t F ✉♥❡ ♣r✐♠✐t✐✈❡ ❞❡ a s✉r I✳

❘❡♠❛rq✉❡

❉❛♥s ❧❛ ♣r❛t✐q✉❡✱ s✐ ♦♥ ❛ à ✐♥té❣r❡r ✉♥❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ✭❍✮ ✿ y′ + ay = 0 ♦♥ é❝r✐t ✿

dy

dx
= −ay ❙♦✐t

dy

y
= −a(x)dx

❡♥ ✐♥té❣r❛♥t ♦♥ ♦❜t✐❡♥t ln|y(x)| = −
∫
a(x)dx+K ❙♦✐t |y(x)| = e−

∫
a(x)dx+K

y(x) = ce−
∫
a(x)dx+K

◆✳❇ ❝❡tt❡ ♣rés❡♥t❛t✐♦♥ ♥✬❡st ♣❛s ✈❛❧❛❜❧❡ s✐ a ❡st ❝♦♠♣❧❡①❡ ♦✉ ❛❞♠❡t ❞❡s ❞✐s❝♦♥t✐♥✉✐tés✳

✶✳✷✳✷ ❚❤é♦rè♠❡ ✷

◆♦t♦♥s ♣❛r S(H) ❧✬❡♥s❡♠❜❧❡ ❞❡s s♦❧✉t✐♦♥s ❞❡ ❧✬éq✉❛t✐♦♥ ✭❍✮ ✿ y′ + ay = 0✳
S(H) ❡st ✉♥ ❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ s✉r K✱ ❞❡ ♣❧✉s dimS(H) = 1✳

Pr❡✉✈❡

• ■❧ s✉✣t ❞❡ ♠♦♥tr❡r q✉❡ S(H) ❡st ✉♥ s♦✉s ❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ❞❡ D1(I,K) ✭❡♥s❡♠❜❧❡ ❞❡s

❢♦♥❝t✐♦♥s ❞ér✐✈❛❜❧❡s ❞❡ I ❞❛♥s K✳

S(H) =
{
y : I 7−→ K ❞ér✐✈❛❜❧❡s /y′ + ay = 0

}

❖♥ ❛ S(H) ⊂ D1(I,K)✳
❙♦✐❡♥t f, g ∈ S(H) ❀ λ, µ ∈ R✳

▼q λf + µg ∈ S(H)✳

(λf + µg)′ + a(λf + µg) = λ(f ′ + af
︸ ︷︷ ︸

0

) + µ(g′ + ag
︸ ︷︷ ︸

0

) = 0

❉♦♥❝ λf + µg ∈ S(H)

• ▼q ✿ dimS(H) = 1
❞✬❛♣rès ❧❡ t❤é♦rè♠❡ ✶✱ ♦♥ ❛ ✿ S(H) =

{
y : x 7−→ ce−F (x)

}
♦ù c ✉♥❡ ❝♦♥st❛♥t❡ ❡t F ❡st ✉♥❡

♣r✐♠✐t✐✈❡ ❞❡ a s✉r I✳ ❉♦♥❝ S(H) ❡st ❧❛ ❞r♦✐t❡ ✈❡❝t♦r✐❡❧❧❡ ❡♥❣❡♥❞ré❡ ♣❛r ❧❛ ❢♦♥❝t✐♦♥ x 7−→ ce−F (x)✳

■✳❊❧♠❛❤✐ ✷ ❆♥♥é❡ ✷✵✵✼✲✷✵✵✽
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❊①❡♠♣❧❡s

✶✳ ✭❍✶✮ ✿ y′ + 5y = 0

▲❡s s♦❧✉t✐♦♥s ❞❡ ✭❍✶✮ s♦♥t ❧❡s ❢♦♥❝t✐♦♥s y ❞é✜♥✐❡s ♣❛r ✿
y : R 7−→ R

x 7−→ ce−
∫

5dx = ce−5x

✷✳ ✭❍✷✮ ✿ y′ − 7x2y = 0
▲❛ s♦❧✉t✐♦♥ ❞❡ ✭❍✷✮ ❡st ❞é✜♥✐❡ s✉r R ♣❛r y(x) = ce−

∫
−7x2

y(x) = ce
7

3
x3

✸✳ ✭❍✸✮ ✿ y′ + 1
x2 y = 0

▲❛ ❢♦♥❝t✐♦♥ a(x) = 1
x2 ♥✬❡st ♣❛❡ ❞é✜♥✐❡ ❡♥ ✵✳ ❖♥ ❞♦✐t tr❛✈❛✐❧❧❡r s✉r ❧❡s ❞❡✉① ✐♥t❡r✈❛❧❧❡s ✿

I1 =] −∞; 0[ ❡t I2 =]0; +∞[✳

• ❙✉r I1 =] −∞; 0[ ✿ ▲❛ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ❡st y1(x) = c1e
−

∫
1

x2 dx = c1e
1

x

• ❙✉r I2 =]0; +∞[ ✿ ▲❛ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ❡st y2(x) = c2e
1

x

✶✳✸ ❘és♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ♥♦r♠❛❧✐sé❡ ✭▲✮ ✿ y′ + ay = b

❈♦♥s✐❞ér♦♥s ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ♥♦r♠❛❧✐sé❡ ✭▲✮ ✿ y′ + ay = b✱ ♦ù a, b : I 7−→ K ❝♦♥t✐♥✉❡s

❡t s♦✐t ✭❍✮ ❧✬éq✉❛t✐♦♥ ❤♦♠♦❣è♥❡ ❛ss♦❝✐é❡ à ✭▲✮ ✿ ✭❍✮ ✿ y′ + ay = 0✳

◆♦t♦♥s ♣❛r ✿
S(H) ❧✬❡♥s❡♠❜❧❡ ❞❡s s♦❧✉t✐♦♥s ❞❡ ✭❍✮✳

S(L) ❧✬❡♥s❡♠❜❧❡ ❞❡s s♦❧✉t✐♦♥s ❞❡ ✭▲✮✳
◆♦✉s ❛✈♦♥s ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t ✿

✶✳✸✳✶ ❚❤é♦rè♠❡

❖♥ s❡ ❞♦♥♥❡ ✉♥❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ψ ∈ S(L)✳ ❆❧♦rs ♦♥ ❛ ✿

S(L) = ψ + S(H)

Pr❡✉✈❡

• ❙♦✐t y ∈ S(L) ♠q y ∈ (ψ + S(H))
(y − ψ)′ + a(y − ψ) = (y′ + ay) − (ψ′ + aψ) = b− b = 0
❞✬♦ù (y − ψ) ∈ S(H) ❞♦♥❝ y ∈ ψ + S(H)

• ❙♦✐t y ∈ ψ + S(H) ♠q y ∈ S(L)

y ∈ ψ + S(H) ⇐⇒ (y − ψ) ∈ S(H)
⇐⇒ (y − ψ)′ + a(y − ψ) = 0
⇐⇒ (y′ + ay) − (ψ′ + aψ) = 0
⇐⇒ y′ + ay − b = 0
⇐⇒ y ∈ S(L)

❘❡♠❛rq✉❡

❈❡ t❤é♦rè♠❡ ♠♦♥tr❡ q✉❡ ❧❛ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ❞❡ ✭▲✮ s✬♦❜t✐❡♥t ♣❛r ❧❛ s♦♠♠❡ ❞❡ ❧❛ s♦❧✉t✐♦♥

❣é♥ér❛❧❡ ❞❡ ✭❍✮ ❡t ✉♥❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ❞❡ ✭▲✮✳

• ◆♦✉s ❛❧❧♦♥s ❞♦♥♥❡r q✉❡❧q✉❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ♣♦✉r ❧❡sq✉❡❧❧❡s ♦♥ ❛rr✐✈❡ à tr♦✉✈❡r ✉♥❡

s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡✳

■✳❊❧♠❛❤✐ ✸ ❆♥♥é❡ ✷✵✵✼✲✷✵✵✽
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✶✳✸✳✷ ❈♦r♦❧❧❛✐r❡ ✶

❙♦✐t a ∈ K ❡t P ✉♥ ♣♦❧②♥ô♠❡ ❞❡ ❞❡❣ré ♥✳ ❆❧♦rs ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡

✭▲✮ ✿ y′ + ay = P (x)

❛❞♠❡t ❝♦♠♠❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ✉♥ ♣♦❧②♥ô♠❡ ψ tq ✿

{
✐✮ degψ = n+ 1 s✐ a = 0
✐✐✮ degψ = n s✐ a 6= 0

Pr❡✉✈❡

✐✮ ❙✐ a = 0 ✿

❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❞❡✈✐❡♥t ✭▲✮ ✿ y′ = P (x)✳ P✉✐sq✉❡ P ❡st ❞❡ ❞❡❣ré ♥ ❛❧♦rs ✐❧ ❡st ❝❧❛✐r q✉✬✉♥❡

s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ψ ❞❡ ✭▲✮ s❡r❛✐t ❞❡ ❞❡❣ré ♥✰✶✳

✐✐✮ ❙✐ a 6= 0
❈❤❡r❝❤♦♥s ✉♥❡ s♦❧✉t✐♦♥ψ ❞❡ ✭▲✮ ❞❡ ❞❡❣ré ♥ ✿ ψ(x) = α0 + α1x+ α2x

2 + · · · + αnx
n✳

▲✬éq✉❛t✐♦♥ ✭▲✮ s✬é❝r✐t ♣♦✉t ψ ✿ ∀x ∈ I

ψ′ + aψ = b ⇐⇒

α1+2α2x+3α3x
2+· · ·+nαnxn−1+a(α0+α1x+α2x

2+· · ·+αnxn) = a0+a1x+a2x
2+a3x

3+· · ·+anxn

⇐⇒







a0 = α1 + aα0

a1 = 2α2 + aα1
✳✳✳

an−1 = nαn + aαn−1

an = aαn

⇐⇒







αn = an

a
(a 6= 0) existe

αn−1 = an−1−nαn

a
(a 6= 0) existe

αk =
ak−(k+1)αk+1

a
(a 6= 0) existe

P♦✉r k = n− 1;n− 2; . . . ; 1

❞✬♦ù ❧✬❡①✐st❛♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞✉ ♣♦❧②♥ô♠❡ ψ ❞❡ ❞❡❣ré ♥✳

✶✳✸✳✸ ❈♦r♦❧❧❛✐r❡ ✷

❙♦✐t a ∈ K ❡t P ✉♥ ♣♦❧②♥ô♠❡ ❞❡ ❞❡❣ré ♥✳ ❆❧♦rs ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡

✭▲✮ ✿y′ + ay = P (x)emx

❛❞♠❡t ✉♥❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ψ ❞❡ ❧❛ ❢♦r♠❡ ψ(x) = q(x)emx✱ ♦ù q ❡st ✉♥ ♣♦❧②♥ô♠❡

tq ✿
{

i) deg q = n+ 1 si m+ a = 0
ii) deg q = n si m+ a 6= 0

Pr❡✉✈❡

❙♦✐t ψ ✉♥❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ❞❡ ✭▲✮✳ ❆❧♦rs ❝♦♠♠❡ emx 6= 0✱ ♦♥ ♣❡✉t é❝r✐r❡ ψ(x) = q(x)emx✱
♦ù q✭①✮ ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ✳

■✳❊❧♠❛❤✐ ✹ ❆♥♥é❡ ✷✵✵✼✲✷✵✵✽
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▲✬éq✉❛t✐♦♥ ✭▲✮ s✬é❝r✐t ♣♦✉r ψ ✿ q′(x)emx +memxq(x) + aq(x)emx = P (x)emx

❙♦✐t q′(x) + (m+ a)q(x) = P (x) ✭▲✬✮

❉✬❛♣rès ❧❡ ❝♦r♦❧❧❛✐r❡ ✶✱ q✭①✮ s❡r❛✐t ✉♥ ♣♦❧②♥ô♠❡ tq ✿

{
deg q = n+ 1 si m+ a = 0
deg q = n si m+ a 6= 0

❊①❡♠♣❧❡

• y′ + 2y = x3 − 3x

❊q✉❛t✐♦♥ ❤♦♠♦❣è♥❡ ✿ y′ + 2y = 0✳ ❉♦♥❝ ❧❛ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ❡st y = ce−2x

❙♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ❞❡ ✭▲✮ ✿ ❖♥ ❛ a = 2 6= 0 ❡t ❧❡ s❡❝♦♥❞ ♠❡♠❜r❡ ❡st ✉♥ ♣♦❧②♥ô♠❡ ❞❡ ❞❡❣ré ✸✳

❉♦♥❝ ✉♥ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ s❡r❛ ✉♥ ♣♦❧②♥ô♠❡ ❞❡ ❞❡❣ré ✸ ✿ ψ(x) = ax3 + bx2 + cx+ d
3ax2 + 2bx+ c+ 2ax2 + 2bx2 + 2cx+ 2d = x3 − 3x







a = 1
2

b = −3
4

c = −3
4

d = 3
8

ψ(x) =
1

2
x3 − 3

4
x2 − 3

4
x+

3

8

✶✳✸✳✹ ▼ét❤♦❞❡ ❞❡ ❧❛ ✈❛r✐❛t✐♦♥ ❞❡ ❧❛ ❝♦♥st❛♥t❡

❈❡tt❡ ♠ét❤♦❞❡ ♣❡r♠❡t ❞✬❛✈♦✐r ✉♥❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ❞❡ ✭▲✮ ♠ê♠❡ ❞❛♥s ❧❡ ❝❛s ♦ù a ♥✬❡st

♣❛s ✉♥ s❝❛❧❛✐r❡ ♦✉ ❧❡ s❡❝♦♥❞ ♠❡♠❜r❡ ❜ ♥✬❡st ♣❛s ❞❡ ❧❛ ❢♦r♠❡ P (x) ♦✉ (x)emx✳

Pr✐♥❝✐♣❡ ❞❡ ❧❛ ♠ét❤♦❞❡

▲❡ ♣r✐♥❝✐♣❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ❧❛ ✈❛r✐❛t✐♦♥ ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❝♦♥s✐st❡ à ✿

✶✳ ❈❤❡r❝❤❡r ❧❛ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❤♦♠♦❣è♥❡ ✭❍✮ ❛ss♦❝✐é❡ à ✭▲✮✱ q✉✐ ❡st

❞❡ ❧❛ ❢♦r♠❡ y(x) = ce−F (x)✱ ♦ù F ❡st ✉♥❡ ♣r✐♠✐t✐✈❡ ❞❡ a s✉r ❧✬✐♥t❡r✈❛❧❧❡ I✳

✷✳ ❖♥ ❝❤❡r❝❤❡ à ❞ét❡r♠✐♥❡r ✉♥❡ ❢♦♥❝t✐♦♥ c(x)✱ ❞ér✐✈❛❜❧❡✱ tq ❧❛ ❢♦♥❝t✐♦♥ c(x)e−F (x)

s♦✐t ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✭▲✮✳ ❖♥ s❡ r❛♠è♥❡ ❛❧♦rs à ✉♥ ❝❛❧❝✉❧ ❞❡ ♣r✐♠✐t✐✈❡✳

❊①❡♠♣❧❡s

✶✳ ✭▲✮ ✿ y′ + 3x2y = x2

✭❍✮ ❧✬éq✉❛t✐♦♥ ❤♦♠♦❣è♥❡ ❛ss♦❝✐é❡ à ✭▲✮ ✿y′ + 3x2y = 0 ❛ ♣♦✉r s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ✿ y(x) =
ce−x

3

✳

❖♥ ❢❛✐t ✈❛r✐❡r ❧❛ ❝♦♥st❛♥t❡ ❡♥ ❝❤❡r❝❤❛♥t ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ❧❛ ❢♦r♠❡ y(x) = c(x)e−x
3

c′(x)e−x
3 − 3x2c(x)e−x

3

+ 3x2c(x)e−x
3

= x2

❞♦♥❝ c′(x)e−x
3

= x2

c(x) =
∫
x2ex

3

dx+K

c(x) = 1
3e
x3

+K

▲❛ s♦❧✉t✐♦♥ ❞❡ ✭▲✮ s✬é❝r✐t ❞♦♥❝ ✿

y(x) = (
1

3
ex

3

+K)e−x
3

=
1

3
+Kex

3

(K ∈ R)

■✳❊❧♠❛❤✐ ✺ ❆♥♥é❡ ✷✵✵✼✲✷✵✵✽
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✷✳ ✭▲✮ ✿ y′ − x√
1+x2

y = 3x√
1+x2

❖♥ ❛ ❧❡s ❢♦♥❝t✐♦♥s ✿ x→ − x√
1+x2

❡t x→ 3x√
1+x2

s♦♥t ❝♦♥t✐♥✉❡s s✉r R✳

❊q✉❛t✐♦♥ ❤♦♠♦❣è♥❡ ✿ ✭❍✮ ✿y′ − x√
1+x2

y = 0

▲❛ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ❞❡ ✭❍✮ s✬é❝r✐t ✿ y(x) = ce

∫
x√

1+x2
dx

❞♦♥❝ y(x) = ce
√

(1+x2) (c ∈ R)

❖♥ ❢❛✐t ✈❛r✐❡r ❧❛ ❝♦♥st❛♥t❡ ❡♥ ♣♦s❛♥t y(x) = c(x)e
√

1+x2

✳ ❖♥ r❡♠♣❧❛❝❡ ❞❛♥s ✭▲✮ ✿

c′(x)e
√

1+x2

+
x√

1 + x2
c(x)e

√
1+x2 − x√

1 + x2
c(x)e

√
1+x2

=
3x√

1 + x2

c′(x)e
√

1+x2

=
3x√

1 + x2

c(x) =

∫
3x√

1 + x2
e−

√
1+x2

dx+K

c(x) = −3e−
√

1+x2

+K

▲❛ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ❞❡ ✭▲✮ ❡st ❞é✜♥✐❡ s✉r (R) ♣❛r ✿

y(x) = (−3e−
√

1+x2

+K)e
√

1+x2

= −3 +Ke
√

1+x2

✶✳✹ Pr♦❜❧è♠❡ ❞❡ ❈❛✉❝❤②

✶✳✹✳✶ ❉é✜♥✐t✐♦♥

❖♥ ❛♣♣❡❧❧❡ ♣r♦❜❧è♠❡ ❞❡ ❈❛✉❝❤② r❡❧❛t✐❢ à ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ✭▲✮ ✿ y′ + ay = b✱ t♦✉t
s②stè♠❡ ❞❡ ❧❛ ❢♦r♠❡ ✿

(C)

{
y′ + ay = b
y(x0) = y0

❖ù (x0; y0) ∈ I × K✳

y(x0) = y0 ❡st ❞✐t❡ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❈❛✉❝❤② ✭❈✮✳

✶✳✹✳✷ ❚❤é♦rè♠❡

❊t❛♥t ❞♦♥♥és (x0; y0) ∈ I × K✳ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ❈❛✉❝❤② ✿ (C)

{
y′ + ay = b
y(x0) = y0

❛❞♠❡t ✉♥❡ s♦❧✉t✐♦♥ ✉♥✐q✉❡ s✉r t♦✉t ❧✬✐♥t❡r✈❛❧❧❡ I✳

Pr❡✉✈❡

▲✬éq✉❛t✐♦♥ ❤♦♠♦❣è♥❡ ✭❍✮ ✿ y′+ay = 0 ❛❞♠❡t ✉♥❡ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ q✉✐ s✬é❝r✐t y(x) = ce−F (x)✳

❖ù c ❡st ✉♥❡ ❝♦♥st❛♥t❡ ❡t ❋ ❧❛ ♣r✐♠✐t✐✈❡ ❞❡ a s✉r I✳
❖♥ ❢❛✐t ✈❛r✐❡r ❧❛ ❝♦♥st❛♥t❡ ❡♥ ♣♦s❛♥t ✿ y(x) = c(x)e−F (x)

❖♥ r❡♠♣❧❛❝❡ ❞❛♥s ✭▲✮ ✿ y′ + ay = b

y(x) = c′(x)e−F (x) − a(x)c(x)e−F (x) + a(x)c(x)e−F (x) = b(x)

c′(x) = b(x)eF (x)

c(x) =

∫ x

x0

b(u)eF (u)du+K

❉♦♥❝ ❧❛ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ y′ + ay = b s✬é❝r✐t

y(x) =

∫ x

x0

b(u)eF (u)du+Ke−F (x)

■✳❊❧♠❛❤✐ ✻ ❆♥♥é❡ ✷✵✵✼✲✷✵✵✽
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▲❛ ❝♦♥❞✐t✐♦♥ ✐♥✐t✐❛❧❡ y(x0) = y0 s✬é❝r✐t Ke−F (x) = y0✳ ❉♦♥❝ K = y0e
F (x)✳

❖♥ ❛ ❞♦♥❝ ❧✬❡①✐st❛♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❑✳ ❉✬♦ù ❧✬❡①✐st❛♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞❡ ❧❛ s♦❧✉t✐♦♥

❞✉ ♣r♦❜❧è♠❡ ❞❡ ❈❛✉❝❤②✳

✶✳✹✳✸ Pr♦♣♦s✐t✐♦♥ ✿ Pr✐♥❝✐♣❡ ❞❡ s✉♣❡r♣♦s✐t✐♦♥ ❞❡s s♦❧✉t✐♦♥s

❙♦✐t ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡s ❧✐♥é❛✐r❡ ✿ ✭▲✮ ✿ y′ + ay = b1(x) + b2(x)
❙✐ y1(x) ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✭▲✶✮ ✿y′ + ay = b1(x)
❡t ❙✐ y2(x) ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✭▲✷✮ ✿y′ + ay = b2(x)
❆❧♦rs y(x) = y1(x) + y2(x) ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✭▲✮ ✿ y′ + ay = b1(x) + b2(x)

✶✳✺ ❘és♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ♥♦♥ ♥♦r♠❛❧✐sé❡ ✭▲✮ ✿ αy′ + ay = b

❈♦♥s✐❞ér♦♥s ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ αy′ + ay = b✱ ❛✈❡❝ α, a, b : I 7−→ K ❝♦♥t✐♥✉❡s✳

▲à ♦ù α(x) ♥❡ s✬❛♥♥✉❧❡ ♣❛s✱ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ✭▲✮ ♣❡✉t s✬é❝r✐r❡ ✿ ✭▲✬✮ ✿ y′ + a
α
y = b

α

❉♦♥❝ ♣♦✉r rés♦✉❞r❡ ✭▲✮✱ ♦♥ ❝♦♠♠❡♥❝❡ t♦✉t ❞✬❛❜♦r❞ ♣❛r rés♦✉❞r❡ ✭▲✬✮ ❧à ♦ù ❡❧❧❡ ♥❡ s✬❛♥♥✉❧❡ ♣❛s

♣✉✐s ♦♥ r❛❝❝♦r❞❡ ❧❡s s♦❧✉t✐♦♥s ♣♦✉r ❛✈♦✐r ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✭▲✮ s✉r t♦✉t ❧✬✐♥t❡r✈❛❧❧❡ I✳
❙✉♣♣♦s♦♥s ♣❛r ❡①❡♠♣❧❡ q✉❡ I = R ❡t α(x) s✬❛♥♥✉❧❡ ❡♥ x0 (i, e α(x0) = 0)✳

❆❧♦rs ♣♦s♦♥s ✿ I1 =] −∞;x0[ ❡t I2 =]x0; +∞[ ❡t s♦✐❡♥t ✿
y1(x) ❧❛ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ❞❡ ✭▲✬✮ s✉r I1✳
y2(x) ❧❛ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ❞❡ ✭▲✬✮ s✉r I2✳
P♦✉r q✉❡ y1 ❡t y2 s❡ r❛❝❝♦r❞❡♥t ❡♥ ✉♥❡ s♦❧✉t✐♦♥ s✉r t♦✉t ❧✬✐♥t❡r✈❛❧❧❡ I✱ ✐❧ ❢❛✉t q✉❡ ✿

lim
x→x−

0

y1(x) = lim
x→x+

0

y2(x) = l

❖♥ ❞é✜♥✐t ❛❧♦rs ✉♥❡ s♦❧✉t✐♦♥ ② ❝♦♥t✐♥✉❡ s✉r I ♣❛r ✿

y(x) =







y1(x) si x ∈ I1
y2(x) si x ∈ I2
l si x = x0

■❧ ❢❛✉t ❛✉ss✐ q✉❡ y s♦✐t ❞ér✐✈❛❜❧❡ ❡♥ x0✳

❊①❡♠♣❧❡

• x3y′ − 2y = 0

▲❡s ❢♦♥❝t✐♦♥ α(x) = x3✱ a(x) = −2 ❡t b(x) = 0 s♦♥t ❝♦♥t✐♥✉❡s s✉r R✳

▲❛ ❢♦♥❝t✐♦♥ α(x) = x3 s✬❛♥♥✉❧❡ ❡♥ x0 = 0✳ P♦s♦♥s ❛❧♦rs I1 =] −∞; 0[ ❡t I2 =]0; +∞[✳
❙✉r I1 =] −∞; 0[✱ ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ✭❍✮ s✬é❝r✐t ✿ y′ − 2

x3 y = 0✳ ▲❛ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ s✬é❝r✐t

y1(x) = c1e
− 1

x2 ✳

❉❡ ♠ê♠❡ s✉r I2 =]0; +∞[✱ ❧❛ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ s✬é❝r✐t ✿ y2(x) = c2e
− 1

x2 ✳

❘❛❝❝♦r❞s ❡♥ 0 ✿

◦ ❈♦♥t✐♥✉✐té ❡♥ 0 ✿

lim
x→0−

y1(x) = lim
x→0−

c1e
− 1

x2 = 0

lim
x→0+

y2(x) = lim
x→0+

c2e
− 1

x2 = 0

❖♥ ❞é✜♥✐t ❛❧♦rs ❞❡s s♦❧✉t✐♦♥s y ❝♦♥t✐♥✉❡s s✉r R ♣❛r ✿

■✳❊❧♠❛❤✐ ✼ ❆♥♥é❡ ✷✵✵✼✲✷✵✵✽
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y : R 7−→ R

x 7−→







c1e
− 1

x2 s✐ x ∈ I1 =] −∞; 0[
0 s✐ x = 0

c2e
− 1

x2 s✐ x ∈ I2 =]0; +∞[

(1)

◦ ❉ér✐✈❛❜✐❧✐té ❡♥ 0 ✿

( lim
x→0−

y(x) − y(0)

x− 0
= lim

x→0+

y(x) − y(0)

x− 0
= l′)

lim
x→0−

y(x) − y(0)

x− 0
= lim

x→0−

c1e
− 1

x2

x
= 0

❉❡ ♠ê♠❡

lim
x→0+

y(x) − y(0)

x− 0
= lim

x→0+

c2e
− 1

x2

x
= 0

❉✬♦ù ♦♥ ❞é❞✉✐t q✉❡ ❧❡s s♦❧✉t✐♦♥s ❞❡ ✭❍✮ s♦♥t t♦✉t❡s ❝❡❧❧❡s ❞é✜♥✐❡s ♣❛r ✭✶✮✳

✷ ❊q✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❧✐♥é❛✐r❡s ❞✉ s❡❝♦♥❞ ♦r❞r❡

✷✳✶ ●é♥ér❛❧✐tés

✷✳✶✳✶ ❉é✜♥✐t✐♦♥ ✶

❖♥ ❛♣♣❡❧❧❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❧✐♥é❛✐r❡ ❞✉ s❡❝♦♥❞ ♦r❞r❡ t♦✉t❡ éq✉❛t✐♦♥ ❞❡ ❧❛ ❢♦r♠❡ ✿

✭❊✮ : αy′′ + ay′ + by = c

❖ù α✱ a✱ b ❡t c s♦♥t ❞❡s ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s ❞✬✉♥ ✐♥t❡r✈❛❧❧❡ I ✈❡rs ✉♥ ❝♦r♣s K✳ ◆♦tr❡

ét✉❞❡ s❡ ❧✐♠✐t❡r❛ ✐❝✐ ❛✉ ❝❛s ♦ù α✱ a ❡t b s♦♥t ❝♦♥st❛♥ts✳ (α 6= 0)

✷✳✶✳✷ ❉é✜♥✐t✐♦♥ ✷

❯♥❡ ❢♦♥❝t✐♦♥
y : I 7−→ K

x 7−→ y(x)
s❡r❛ ❞✐t❡ s♦❧✉t✐♦♥ ❞❡ ✭❊✮ s✐ ❡t s❡✉❧❡♠❡♥t s✐ ✿

✐✮y ❡st ❞❡✉① ❢♦✐s ❞ér✐✈❛❜❧❡ s✉r I✳
✐✐✮∀x ∈ I ❀ αy′′(x) + ay′(x) + by(x) = c(x)

✷✳✶✳✸ ❉é✜♥✐t✐♦♥ ✸

❉❛♥s ❧❡ ❝❛s ♦ù α = 1✱ ❧✬éq✉❛t✐♦♥ ❞❡✈✐❡♥t ✿ ✭▲✮ ✿ y′′ + ay′ + by = c q✉✐ ❡st ❞✐t❡ éq✉❛t✐♦♥

♥♦r♠❛❧✐sé❡✳

▲✬éq✉❛t✐♦♥ ❤♦♠♦❣è♥❡ ❛ss♦❝✐é❡ à ✭▲✮ ❡st ✿ ✭❍✮ ✿ y′′ + ay′ + by = 0

✷✳✷ ❘és♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❤♦♠♦❣è♥❡

❈♦♥s✐❞ér♦♥s ❧✬éq✉❛t✐♦♥ ❤♦♠♦❣è♥❡ ✭❍✮ ✿ y′′ + ay′ + by = 0 ❡t s♦✐t SK(H) ❧✬❡♥s❡♠❜❧❡ ❞❡s

s♦❧✉t✐♦♥s ❞❡ ✭❍✮✳

✷✳✷✳✶ ❚❤é♦rè♠❡

SK(H) ❡st ✉♥ ❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ s✉r K✳

■✳❊❧♠❛❤✐ ✽ ❆♥♥é❡ ✷✵✵✼✲✷✵✵✽
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Pr❡✉✈❡

■❧ s✉✣t ❞❡ ♠♦♥tr❡r q✉❡ SK(H) ❡st ✉♥ s❡✈ ❞❡ D2(I,K) ✭❊♥s❡♠❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s ❞❡✉① ❢♦✐s

❞ér✐✈❛❜❧❡s ❞❡ I ❞❛♥s K✮✳

❆ ❙♦❧✉t✐♦♥ ❝♦♠♣❧❡①❡ ❞❡ ✭❍✮

❆✳ ✶ ❚❤é♦rè♠❡

❙✐ K = C ❛❧♦rs dimSC(❍) = 2✳

Pr❡✉✈❡

❈♦♠♠❡♥ç♦♥s ♣❛r ❝❤❡r❝❤❡r ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✭❍✮ ❞❡ ❧❛ ❢♦r♠❡ ✿ ϕ(x) = eαx✳ ✭❍✮ s✬é❝r✐t ❛❧♦rs ✿

erx(r2 + ar + b) = 0✳
❙♦✐t ✿ r2 + ar + b = 0 ✭❊✮✳ ✭❊✮ ❡st ❞✐t❡ éq✉❛t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡✳

❙♦✐t α ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✭❊✮✳ ✭α ❡①✐st❡ ❝❛r ♦♥ ❡st ❞❛♥s C✮✳ ❉♦♥❝ eαx ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✭❍✮✳

❈♦♠♠❡ eαx 6= 0 ∀x ∈ I✱ ♦♥ ♣❡✉t é❝r✐r❡ y s♦✉s ❧❛ ❢♦r♠❡ ✿

y(x) = g(x)eαx

y′(x) = (g′(x) + αg(x))eαx

y′′(x) = (g′′(x) + 2αg′(x) + α2g(x))eαx

❖♥ r❡♠♣❧❛❝❡ ❞❛♥s ✭❍✮ ✿

(g′′ + 2αg′ + α2g)eαx + a(g′ + αg)eαx + bgeαx = 0

g′′ + (a+ 2α)g′ + (α2 + aα+ b)
︸ ︷︷ ︸

=0 (❝❛r α ❡st s♦❧✉t✐♦♥ ❞❡ ✭❊✮✮

g = 0

g′′ + (a+ 2α)g′ = 0

◦ ❙✐ ∆ = 0
❆❧♦rs α s❡r❛ ✭α = −a

2 ✮✱ ✉♥❡ s♦❧✉t✐♦♥ ❞♦✉❜❧❡ ❞❡ ✭❊✮✳ ❊t ♦♥ ❛ α = −a
2 ❞♦♥❝ 2α+ a = 0✳

❖♥ ❛✉r❛ ❛❧♦rs g′′(x) = 0 ❞✬♦ù g′(x) = c1 ❛❧♦rs g(x) = c1x+ c2✳

❞✬♦ù y(x) = (c1x+ c2)e
αx

SC(H) =

{
y : I 7−→ C

x 7−→ (c1x+ c2)e
αx

}

SC(H) ❡st ❡♥❣❡♥❞ré ♣❛r ❧❛ ❢❛♠✐❧❧❡ (xeαx; eαx)✳

▼q (xeαx; eαx) ❡st ❧✐❜r❡✳

∀x ∈ I; λxeαx + µeαx = 0; λx+ µ = 0

⇒ λ = µ = 0 ❝❛r (1;x) ❡st ✉♥❡ ❜❛s❡ ❞❡ P1✳

❉♦♥❝ dimSC(H) = 2 ✭❜❛s❡ ❞❡ P1(C))✳

■✳❊❧♠❛❤✐ ✾ ❆♥♥é❡ ✷✵✵✼✲✷✵✵✽
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◦ ❙✐ ∆ 6= 0
❆❧♦rs ✭❊✮ ❛❞♠❡t ❞❡✉① s♦❧✉t✐♦♥s ❞✐st✐♥❝ts ✿ α ❡t β✱ tq ✿ α+ β = −a✳

g′′ + (a+ 2α)g′ = 0 ❞♦♥❝ g′(x) = c1e
−(a+2α)x ❞✬♦ù g(x) = − c1

2α+ a
e−(a+2α)x + c2

❉♦♥❝ y(x) = (− c1
2α+ a

e−(a+2α)x + c2)e
αx = − c1

2α+ a
e(−a−2α)x + c2e

αx

y(x) =
c1

β − α
eβx + c2e

αx

SC(H) =

{
y : I 7−→ C

x 7−→ λeαx + µeβx

}

▼q (eαx; eβx) ❡st ❧✐❜r❡✳

∀x ∈ I

{
λeαx + µeβx = 0 (1)
λαeαx + µβeβx = 0 (2)

β × (1) − (2) ❞♦♥♥❡ λ(β − α)eαx = 0
⇒ λ = 0 ❡t ❞♦♥❝ µ = 0 ❞♦♥❝ dimSC(H) = 2
❊t ♦♥ ❞é❞✉✐t ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t ✿

❆✳ ✷ ❚❤é♦rè♠❡

❖♥ s❡ ♣❧❛❝❡ ❞❛♥s K = C✳

❙♦✐t ❧✬éq✉❛t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡ ✭❊✮ ✿ r2 + ar + b = 0✱ ∆ = a2 − 4b s♦♥ ❞❡s❝r✐♠✐♥❛♥t✳

◦ ❙✐ ∆ = 0✱ ❛❧♦rs ✭❊✮ ❛❞♠❡t ✉♥❡ s♦❧✉t✐♦♥ ❞♦✉❜❧❡ α = −a
2 ✱ ❡t ❧✬❡♥s❡♠❜❧❡ ❞❡s

s♦❧✉t✐♦♥s ❞❡ ✭❍✮ ❡st ✿

SC(H) =

{
y : I 7−→ C

x 7−→ (c1x+ c2)e
αx

}

(c1 ❡t c2 ❞❛♥s C)

◦ ❙✐ ∆ 6= 0✱ ❛❧♦rs ✭❊✮ ❛❞♠❡t ❞❡✉① s♦❧✉t✐♦♥s ❞✐st✐♥❝ts α ❡t β✳ ❊t ♦♥ ❛ ✿

SC(H) =

{
y : I 7−→ C

x 7−→ c1e
αx + c2e

βx

}

(c1 ❡t c2 ❞❛♥s C)

❇ ❙♦❧✉t✐♦♥ ré❡❧❧❡ ❞❡ ✭❍✮

❈♦♥s✐❞ér♦♥s ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❤♦♠♦❣è♥❡ ✭❍✮ ✿ y′′ + ay′ + by = 0✱ ♦ù a ❡t b s♦♥t ♠❛✐♥✲

t❡♥❛♥t ❞❡s ré❡❧s✳

▲❡ t❤é♦rè♠❡ s✉✐✈❛♥t ❞♦♥♥❡ ❧❡s s♦❧✉t✐♦♥s ré❡❧❧❡s ❞❡ ✭❍✮✳

❇✳ ✶ ❚❤é♦rè♠❡
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❙♦✐t ✭❊✮ ✿ r2 + ar + b = 0 ❧✬éq✉❛t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡ ❡t ∆ = a2 − 4b✳

◦ ❙✐ ∆ > 0✱ ❛❧♦rs ✭❊✮ ❛❞♠❡t ❞❡✉① s♦❧✉t✐♦♥s ré❡❧❧❡s ❞✐st✐♥❝ts α ❡t β✳ ❊t ♦♥

❛ ✿

SR(H) =

{
y : I 7−→ R

x 7−→ c1e
αx + c2e

βx

}

(c1 ❡t c2 ❞❛♥s R)

◦ ❙✐ ∆ = 0✱ ❛❧♦rs ✭❊✮ ❛❞♠❡t ✉♥❡ s♦❧✉t✐♦♥ ré❡❧❧❡ ❞♦✉❜❧❡ α = −a
2 ✳ ❊t ♦♥ ❛ ✿

SR(H) =

{
y : I 7−→ R

x 7−→ (c1x+ c2)e
αx

}

(c1 ❡t c2 ❞❛♥s R)

◦ ❙✐ ∆ < 0✱ ❛❧♦rs ✭❊✮ ❛❞♠❡t ❞❡✉① s♦❧✉t✐♦♥s ❝♦♠♣❧❡①❡s ❝♦♥❥✉❣✉é❡s ✿

{
α = r + is
β = r − is

❊t ♦♥ ❛ ✿

SR(H) =

{
y : I 7−→ R

x 7−→ (λ cos(sx) + µ sin(sx))erx

}

❇✳ ✷ ❊①❡♠♣❧❡s

❚r♦✉✈❡r ❧❡s s♦❧✉t✐♦♥s ❝♦♠♣❧❡①❡s ❡t ré❡❧❧❡s ❞❡s éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s s✉✐✈❛♥t❡s ✿

✶✳ y′′ − 4y′ + 4y = 0 ✭L1✮

✷✳ y′′ + 3y′ + 2y = 0 ✭L2✮

✸✳ y′′ + 2y′ + 4y = 0 ✭L3✮

✶✳ y′′ − 4y′ + 4y = 0 ✭L1✮

▲✬éq✉❛t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡ ✿ r2 − 4r + 4 = 0✳ ∆ = 0 ❞♦♥❝ ✭❊✮ ❛❞♠❡t ✉♥❡ s♦❧✉t✐♦♥ ❞♦✉❜❧❡

α = 2✳ ❉♦♥❝ ❧❡s s♦❧✉t✐♦♥s ❝♦♠♣❧❡①❡s ❞❡ ✭L1✮ s♦♥t ✿

y : R 7−→ C

x 7−→ (c1x+ c2)e
2x (c1 ❡t c2 ❞❛♥s C)

▲❡s s♦❧✉t✐♦♥s ré❡❧❧❡s ❞❡ ✭L1✮ s♦♥t ✿

y : R 7−→ R

x 7−→ (c1x+ c2)e
2x (c1 ❡t c2 ❞❛♥s R)

✷✳ y′′ + 3y′ + 2y = 0 ✭L2✮

▲✬éq✉❛t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡ ✿ r2 + 3r + 2 = 0✳ ∆ = 1 > 0 ❞♦♥❝ r1 = −2 ❡t r2 = −1✳
❉♦♥❝ ❧❡s s♦❧✉t✐♦♥s ❝♦♠♣❧❡①❡s ❞❡ ✭L2✮ s♦♥t ✿

y : R 7−→ C

x 7−→ c1e
−2x + c2e

−x (c1 ❡t c2 ❞❛♥s C)
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❊t ❧❡s s♦❧✉t✐♦♥s ré❡❧❧❡s s♦♥t ✿

y : R 7−→ R

x 7−→ c1e
−2x + c2e

−x (c1 ❡t c2 ❞❛♥s R)

✸✳ y′′ + 2y′ + 4y = 0 ✭L3✮

▲✬éq✉❛t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡ ✿ r2 + 2r + 4 = 0✳ ∆ = −12 < 0 = (i2
√

3)2 ❞♦♥❝ α = −1 + i
√

3
❡t β = −1 − i

√
3✳

▲❡s s♦❧✉t✐♦♥s ❝♦♠♣❧❡①❡s s♦♥t ✿

y : R 7−→ C

x 7−→ c1e
(−1+i

√
3)x + c2e

(−1−i
√

3)x (c1 ❡t c2 ❞❛♥s C)

▲❡s s♦❧✉t✐♦♥s ré❡❧❧❡s s♦♥t ✿

y : R 7−→ R

x 7−→ (λ cos(
√

3x) + µ sin(
√

3x))e−x
(λ ❡t µ ❞❛♥s R)

✷✳✸ ❘és♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ♥♦r♠❛❧✐sé❡ ✿ ✭▲✮ ✿y′′ + ay′ + by = c(x) ✭c ❝♦♥t✐♥✉❡
❞❡ I ❞❛♥s K✮

❙♦✐❡♥t
S✭▲✮ ❧✬❡♥s❡♠❜❧❡ ❞❡s s♦❧✉t✐♦♥s ❞❡ ✭▲✮

S✭❍✮ ❧✬❡♥s❡♠❜❧❡ ❞❡s s♦❧✉t✐♦♥s ❞❡ ✭❍✮
✳ ❖♥ ❛ ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t ✿

✷✳✸✳✶ ❚❤é♦rè♠❡

❖♥ s❡ ❞♦♥♥❡ ψ ∈ S(L)✳ ❖♥ ❛ ✿ S(L) = ψ + S(H)✳

Pr❡✉✈❡ ❋❛❝✐❧❡✳

❘❡♠❛rq✉❡ ❈❡ t❤é♦rè♠❡ ❡①♣r✐♠❡ ❧❡ ❢❛✐t q✉❡ ❧❛ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ❞❡ ✭▲✮ s✬♦❜t✐❡♥t ♣❛r ❧❛ s♦♠♠❡

❣é♥ér❛❧❡ ❞❡ ✭❍✮ ❡t ✉♥❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ❞❡ ✭▲✮✳ ▲à ❛✉ss✐ ♥♦✉s ❛❧❧♦♥s ❞♦♥♥❡r q✉❡❧q✉❡s éq✉❛t✐♦♥s

♣♦✉r ❧❡sq✉❡❧s ♦♥ ❛rr✐✈❡ à tr♦✉✈❡r ✉♥❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ψ✳

❆ ▲❡ s❡❝♦♥❞ ♠❡♠❜r❡ ❡st ✉♥ ♣♦❧②♥ô♠❡

❆✳ ✶ Pr♦♣♦s✐t✐♦♥

❙♦✐t p ✉♥ ♣♦❧②♥ô♠❡ ❞❡ ❞❡❣ré n✳ ❆❧♦rs ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ✭▲✮ ✿y′′ + ay′ + by = p(x)
❛❞♠❡t ❝♦♠♠❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ✉♥ ♣♦❧②♥ô♠❡ ψ(x) tq ✿

i) degψ = n s✐ b 6= 0
ii) degψ = n+ 1 s✐ b = 0 ❡t a 6= 0
iii) degψ = n+ 2 s✐ a = b = 0

Pr❡✉✈❡

✐✮ s✐ b 6= 0

❖♥ ♣♦s❡ p(x) = a0 + a1x+ · · · + anx
n✱ ❡t ♦♥ ❝❤❡r❝❤❡ ψ(x) = α0 + α0x+ · · · + αnx

n.
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❖♥ r❡♠♣❧❛❝❡ ❞❛♥s ✭▲✮ ❡t ♦♥ ♠♦♥tr❡ ❢❛❝✐❧❡♠❡♥t ❧✬é①✐st❛♥❝❡ ❞❡s ✭αi(i = 0, 1, . . . , n)✮

✐✐✮ s✐ b = 0 ❡t a 6= 0

✭▲✮ s✬é❝r✐t y′′ + ay′ = p(x)✳ ❖♥ ♣♦s❡ u = y′✱ ♦♥ ❛✉r❛ ✿ ✭▲✬✮ u′ + au = p(x)✳
❯♥❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ❞❡ ✭▲✬✮ ❡st ✉♥ ♣♦❧②♥ô♠❡ ❞❡ ❞❡❣ré n✳ ✭✈♦✐r ❧❡s s♦❧✉t✐♦♥s ♣❛rt✐❝✉❧✐èr❡s

❞✬éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❞✉ ♣r❡♠✐❡r ♦r❞r❡✮✳

❊t ❝♦♠♠❡ u = y′✱ ❛❧♦rs y s❡r❛✐t ❞❡ ❞❡❣ré n+ 1✳

✐✐✐✮ s✐ a = b = 0

✭▲✮ s✬é❝r✐t y′′ = p(x)✳ ❉♦♥❝ ❝♦♠♠❡ deg p = n✱ ❛❧♦rs deg y = n+ 2

❇ ▲❡ s❡❝♦♥❞ ♠❡♠❜r❡ ❡st ❞❡ ❧❛ ❢♦r♠❡ ekxp(x)

❇✳ ✶ Pr♦♣♦s✐t✐♦♥

❈♦♥s✐❞ér♦♥s ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ✭▲✮ ✿ y′′ + ay′ = ekxp(x)✱ ❛✈❡❝ k ∈ K ❡t deg p = n
❡t ✭❊✮ ✿ r2 + ar + b = 0 ✭❧✬éq✉❛t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡✮✳

❆❧♦rs ✉♥❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ❞❡ ✭▲✮ ❛ ❧❛ ❢♦r♠❡ ✿ ψ(x) = ekxQ(x)✱ ❛✈❡❝ Q ❡st ✉♥

♣♦❧②♥ô♠❡ tq ✿

i) degQ = n s✐ k ♥✬❡st ♣❛s ✉♥❡ r❛❝✐♥❡ ❞❡ ✭❊✮.
ii) degQ = n+ 1 s✐ k ❡st ✉♥❡ r❛❝✐♥❡ s✐♠♣❧❡ ❞❡ ✭❊✮.
iii) degQ = n+ 2 s✐ k ❡st ✉♥❡ r❛❝✐♥❡ ❞♦✉❜❧❡ ❞❡ ✭❊✮.

Pr❡✉✈❡

❈❤❡r❝❤♦♥s ✉♥❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ψ(x) ❞❡ ❧❛ ❢♦r♠❡ ψ(x) = ekxQ(x)

ψ′(x) = (kQ(x) +Q′(x))ekx

ψ′′(x) = (Q′′(x) + 2kQ′(x) + k2Q(x))ekx

❖♥ r❡♠♣❧❛❝❡ ❞❛♥s ✭▲✮ ✿

(Q′′(x) + 2kQ′(x) + k2Q(x))ekx + (akQ(x) + aQ′(x))ekx + bekxQ(x) = ekxp(x)

Q′′(x) + (2k + a)Q′(x) + (k2 + ak + b)Q(x) = p(x)

❖♥ ❞é❞✉✐t ❞✬❛♣rès ❧❛ ♣r♦♣♦s✐t✐♦♥ ♣ré❝é❞❡♥t❡ q✉❡ Q ❡st ✉♥ ♣♦❧②♥ô♠❡ t❡❧ q✉❡ ✿

✐✮ s✐ k2 + ak + b 6= 0 ✭✐✱❡ k ♥✬❡st ♣❛s ✉♥❡ r❛❝✐♥❡ ❞❡ ✭❊✮✮

❆❧♦rs degQ = n✳

✐✐✮ s✐ k2 + ak + b = 0 ❡t 2k + a 6= 0 ✭✐✱❡ k ❡st ✉♥❡ r❛❝✐♥❡ s✐♠♣❧❡ ❞❡ ✭❊✮✮✳

❆❧♦rs degQ = n+ 1✳

✐✐✐✮ s✐ k2 + ak + b = 0 ❡t 2k + a = 0 ✭✐✱❡ k ❡st ✉♥❡ r❛❝✐♥❡ ❞♦✉❜❧❡ ❞❡ ✭❊✮✮

❆❧♦rs degQ = n+ 2✳
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❇✳ ✷ ❊①❡♠♣❧❡s

✶✳ ✭▲✮ ✿ y′′ − 3y′ + 2y = x2 − 1

❊q✉❛t✐♦♥ ❤♦♠♦❣è♥❡ ✭❍✮ ✿ y′′ − 3y′ + 2y = 0✱ éq✉❛t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡ ✿ r2 − 3r + 2 = 0✳
∆ = 1 ❞♦♥❝ r1 = 3−1

2 = 1 ❡t r2 = 3+1
2 = 2✳

▲❛ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ❞❡ ✭❍✮ ❡st ✿ y(x) = λex + µe2x

❙♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ✿

▲❡ s❡❝♦♥❞ ♠❡♠❜r❡ ❡st ✉♥ ♣♦❧②♥ô♠❡ ♣✭①✮ ❞❡ ❞❡❣ré ✷✳ ❡t ❝♦♠♠❡ b = 2 6= 0✱ ❛❧♦rs ✉♥❡ s♦❧✉t✐♦♥
♣❛rt✐❝✉❧✐èr❡ ψ ❡st ✉♥ ♣♦❧②♥ô♠❡ tq degψ = 2

ψ(x) = a0 + a1x+ a2x
2

✭▲✮ s✬é❝r✐t ✿

2a2 − 3a1 − 6a2x+ 2(a0 + a1x+ a2x
2) = x2 − 1

2a2 − 3a1 + 2a0 + (−6a2 + 2a1)x+ 2a2x
2 = x2 − 1

⇐⇒







2a2 − 3a1 + 2a0 = −1
−6a2 + 2a1 = 0

2a2 = 1
⇐⇒







a0 = 5
4

a1 = 3
2

a2 = 1
2

❉♦♥❝ ψ(x) =
5

4
+

3

2
x+

1

2
x2

❉♦♥❝ ❧❛ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ❞❡ ✭▲✮ ❡st ✿

y(x) = λex + µe2x +
5

4
+

3

2
x+

1

2
x2

✷✳ ✭▲✮ ✿ y′′ − 4y′ + 4y = (x3 + x)e2x

❊q✉❛t✐♦♥ ❤♦♠♦❣è♥❡ ✭❍✮ ✿ y′′ − 4y′ + 4y = 0✱ éq✉❛t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡ ✿ r2 − 4r + 4 = 0✳
∆ = 0 ❞♦♥❝ r1 = 4

2 = 2✳
▲❛ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ❞❡ ✭❍✮ ❡st ✿ y(x) = (c1x+ c2)e

2x

❙♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ✿

❯♥❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ❞❡ ✭▲✮ ❡st ❞❡ ❧❛ ❢♦r♠❡ ψ(x) = e2xQ(x)✳ ❖♥ ❛ k = 2 ❡st ✉♥❡ r❛❝✐♥❡

❞♦✉❜❧❡ ❞❡ ✭❊✮ ❞❡ ❞❡❣ré degQ = 5✳

ψ′(x) = (2Q(x) +Q′(x))e2x

ψ′′(x) = (2Q′(x) +Q′′(x) + 4Q(x) + 2Q′(x))e2x = (Q′′(x) + 4Q′(x) + 4Q(x))e2x

❖♥ r❡♠♣❧❛❝❡ ❞❛♥s ✭▲✮ ✿

(Q′′(x) + 4Q′(x) + 4Q(x) − 8Q(x) − 4Q′(x) + 4Q(x))e2x = e2x(x3 + x)e2x

Q′′(x) = x3 + x

Q′(x) =
x4

4
+
x2

2
+ λ

Q(x) =
x5

20
+
x3

6
+ λx+ µ

■✳❊❧♠❛❤✐ ✶✹ ❆♥♥é❡ ✷✵✵✼✲✷✵✵✽
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❉♦♥❝ ψ(x) = (
x5

20
+
x3

6
+ λx+ µ)e2x

❈♦♠♠❡ ♦♥ r❡❝❤❡r❝❤❡ ✉♥❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡✱ ♦♥ ♣r❡♥❞ λ = µ = 0 ❞♦♥❝ ψ(x) = (x
5

20+x3

6 )e2x

❉♦♥❝ y(x) = (
x5

20
+
x3

6
+ c1x+ c2)e

2x

❈ ▲❡ s❡❝♦♥❞ ♠❡♠❜r❡ ❡st ❞❡ ❧❛ ❢♦r♠❡ A(x) cos(kx) + B(x) sin(kx)

❈♦♥s✐❞ér♦♥s ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ✭▲✮ ✿ y′′ + ay′ + by = A(x) cos kx + B(x) sin kx✱ ❛✈❡❝ a✱
b ❡t k ∈ R✱ A(x) ❡t B(x) ❞❡✉① ♣♦❧②♥ô♠❡s ré❡❧s✳

❖♥ ❝❤❡r❝❤❡ s❡✉❧❡♠❡♥t ❧❡s s♦❧✉t✐♦♥s ré❡❧❧❡s✳

Pr♦♣♦s✐t✐♦♥

❙♦✐t✭❊✮ ✿ r2 + ar+ b = 0 ❧✬éq✉❛t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡✳ ▲✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ✭▲✮ ❛❞♠❡t

✉♥❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ❞❡ ❧❛ ❢♦r♠❡

ψ(x) = U(x) cos(kx) + V (x) sin(kx)

♦ù U ❡t V s♦♥t ❞❡s ♣♦❧②♥ô♠❡s ré❡❧❧❡s tq ✿

i) sup(degU ; deg V ) = sup(degA; degB) s✐ ik ♥✬❡st ♣❛s ✉♥❡ r❛❝✐♥❡ ❞❡ ✭❊✮

ii) sup(degU ; deg V ) = 1 + sup(degA; degB) s✐ ik ❡st ✉♥❡ r❛❝✐♥❡ ❞❡ ✭❊✮.

Pr❡✉✈❡

❖♥ ✉t✐❧✐s❡ ❧❛ ❢♦r♠✉❧❡ ❞✬❊✉❧❡r ✿

cos kx =
eikx + e−ikx

2
; sin kx =

eikx − e−ikx

2i

y′′ + ay′ + by = A(x)(
eikx + e−ikx

2
) +B(x)(

eikx − e−ikx

2i
)

= (
A(x)

2
− i

B(x)

2
)eikx + (

A(x)

2
+ i

B(x)

2
)e−ikx

P♦✉r ❝❤❡r❝❤❡r ✉♥❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ❞❡ ✭▲✮✱ ✐❧ s✉✣t ❞❡ ❝❤❡r❝❤❡r ✉♥❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡

ψ1 ❞❡ ✭▲✶✮ ✿

y′′ + ay′ + by = (
A(x)

2
− i

B(x)

2
)eikx

❡t ✉♥❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ψ2 ❞❡ ✭▲✷✮ ✿

y′′ + ay′ + by = (
A(x)

2
+ i

B(x)

2
)e−ikx

❉♦♥❝ ψ = ψ1 + ψ2✳

❯♥❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ❞❡ ✭▲✶✮ ❛ ❧❛ ❢♦r♠❡ ✿ ψ1(x) = Q(x)eikx✱ ❛✈❡❝ ✿

1er ❝❛s ✿ ❙✐ ik ♥✬❡st ♣❛s ✉♥❡ r❛❝✐♥❡ ❞❡ ✭❊✮ ❛❧♦rs

degQ = deg(
A− iB

2
) = sup(degA; degB)

■✳❊❧♠❛❤✐ ✶✺ ❆♥♥é❡ ✷✵✵✼✲✷✵✵✽
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P✉✐sq✉❡ (A+iB
2 )e−ikx ❡st ❧❡ ❝♦♥❥✉❣✉é ❞❡ (A−iB2 )eikx✱ ❡t a ❡t b ∈ R✱ ❛❧♦rs ✉♥❡ s♦❧✉t✐♦♥ ♣❛rt✐✲

❝✉❧✐èr❡ ❞❡ ✭▲✷✮ s❡r❛✐t ψ2(x) = ψ1(x)✳
❉♦♥❝ ✉♥❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ❞❡ ✭▲✮ ❡st ✿

ψ(x) = ψ1(x) + ψ1(x)

= 2ℜ(ψ1(x))

= 2ℜ(ℜ(Q) + iℑ(Q))(cos(kx) + i sin(kx))

= 2ℜ(Q)
︸ ︷︷ ︸

U(x)

cos(kx)−2ℑ(Q)
︸ ︷︷ ︸

V (x)

sin(kx)

❖♥ ✈♦✐t ❜✐❡♥ q✉❡ U(x) ❡t V (x) s♦♥t ❞❡s ♣♦❧②♥ô♠❡s ré❡❧s✱ ❞❡ ♣❧✉s ♦♥ ❛ ✿

sup(degU ; deg V ) = degQ = sup(degA; degB)

2è♠❡ ❝❛s ✿ ❙✐ ik ❡st ✉♥❡ r❛❝✐♥❡ ❞❡ ✭❊✮ ❛❧♦rs

degQ = 1 + deg(
A− iB

2
) = 1 + sup(degA; degB)

▲❡ ♠ê♠❡ r❛✐s♦♥♥❡♠❡♥t q✉❡ ❞❛♥s ❧❡ ♣r❡♠✐❡r ❝❛s ♣❡✉t s✬❡✛❡❝t✉❡r✳

❉ ▲❡ s❡❝♦♥❞ ♠❡♠❜r❡ ❡st ❞❡ ❧❛ ❢♦r♠❡ (A(x) cos(kx) + B(x) sin(kx))emx

❉✳ ✶ Pr♦♣♦s✐t✐♦♥

❈♦♥s✐❞ér♦♥s ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ✭▲✮ ✿

y′′ + ay′ + by = (A(x) cos(kx) +B(x) sin(kx))emx

❆✈❡❝ a✱ b ❡t k ∈ R✱ m ∈ K✳ A ❡t B s♦♥t ré❡❧s✳ ❖♥ ❝❤❡r❝❤❡ ❧❡s s♦❧✉t✐♦♥s ré❡❧❧❡s✳

❊♥ ♣♦s❛♥t y(x) = z(x)emx✱ ♦♥ s❡ r❛♠è♥❡ à ✉♥❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❞✉ s❡❝♦♥❞ ♦r❞r❡ ❛✈❡❝

❝♦♠♠❡ s❡❝♦♥❞ ♠❡♠❜r❡ A(x) cos(kx) +B(x) sin(kx)✳

y(x) = z(x)emx

y′(x) = (z′(x) +mz(x))emx

y′′(x) = (z′′(x) + 2mz′(x) +m2z(x))emx

z′′(x) + 2mz′(x) +m2z(x) + a(z′(x) +mz(x)) + bz(x) = A(x) cos(kx) +B(x) sin(kx)
z′′(x) + (2m+ a)z′(x) + (m2 + am+ b)z(x) = A(x) cos(kx) +B(x) sin(kx)

❉✳ ✷ ❊①❡♠♣❧❡

❚r♦✉✈❡r ❧❡s s♦❧✉t✐♦♥s ré❡❧❧❡s ❞❡ ✭▲✮ ✿ y′′ − 2y′ + 2y = ex sin(x)

❊q✉❛t✐♦♥ ❤♦♠♦❣è♥❡ ✭❍✮ ✿ y′′ − 2y′ + 2y = 0✳ ❊q✉❛t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡ ✭❊✮ ✿ r2 − 2r+ 2 = 0✱ ❛✈❡❝
∆ = −4 = (2i)2 ❞♦♥❝ r1 = 1 + i ❡t r2 = 1 − i✳
❙♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ré❡❧❧❡ ❞❡ ✭❍✮ ✿

y(x) = (λ cosx+ µ sinx)ex

❙♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ✿ ♣♦s♦♥s y(x) = z(x)ex

y′(x) = (z′ + z)ex

■✳❊❧♠❛❤✐ ✶✻ ❆♥♥é❡ ✷✵✵✼✲✷✵✵✽
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y′′(x) = (z′′ + 2z′ + z)ex

z′′ + 2z′ + z − 2(z′ + z) + 2z = sinx

✭▲✬✮ z′′ + z = sinx = A(x) cos(x) +B(x) sin(x)

❛✈❡❝ A(x) = 0 ❡t B(x) = 1 ❡t sup(degA; degB) = 0✳
❈♦♠♠❡ i ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡ ✭❊✬✮ ✿ r2 + 1 = 0✱ ❛❧♦rs ✉♥❡ s♦❧✉t✐♦♥

♣❛rt✐❝✉❧✐èr❡ ❞❡ ✭▲✬✮ ❡st ✿

ψ(x) = U(x) cos(x) + V (x) sin(x)

❛✈❡❝ sup(degU ; deg V ) = 1 + sup(degA; degB) = 1✳
❊❝r✐✈♦♥s ❛❧♦rs

ψ(x) = (ax+ b) cosx+ (a′x+ b′) sinx

ψ′(x) = a cosx− (ax+ b) sinx+ a′ sinx+ (a′x+ b′) cosx

ψ′′(x) = −a sinx− a sinx− (ax+ b) cosx+ a′ cosx+ a′ cosx− (a′x+ b′)sinx

✭▲✬✮ ⇐⇒ −2a sinx+ 2a′ cosx = sinx

❉♦♥❝ a′ = 0✱ a = −1
2 ✱ b ❡t b

′ q✉❡❧❝♦♥q✉❡s✳
❈♦♠♠❡ ♦♥ ❝❤❡r❝❤❡ ✉♥❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡✱ b = b′ = 0✳ ❉♦♥❝ ✉♥❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ ❞❡ ✭▲✮

❡st ✿

ψ(x) = −1

2
x cosxex

❉✬♦ù ❧❛ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ❞❡ ✭▲✮ ❡st ✿

y(x) = (−1

2
x cosx+ (λ cosx+ µ sinx))ex

✷✳✹ ❘és♦❧✉t✐♦♥ ❞❡ ✭▲✮ ✿ y′′ + ay′ + by = c(x) ❛✈❡❝ c ❢♦♥❝t✐♦♥ q✉❡❧❝♦♥q✉❡

❆ ▼ét❤♦❞❡ ❞❡ ❧❛ ✈❛r✐❛t✐♦♥ ❞❡s ❝♦♥st❛♥t❡s

❆✳ ✶ Pr♦♣r✐été

❙♦✐t (ϕ(x);ψ(x)) ✉♥❡ ❜❛s❡ ❞❡ SK(H)✳ ❖♥ ❛♣♣❡❧❧❡ ❲r♦♥s❦✐❡♥ ❞❡ ✭ϕ ❀ ψ✮ ❧❡ ❞❡t❡r♠✐♥❛♥t ✿

W(ϕ; ψ)(x) =

∣
∣
∣
∣

ϕ(x) ψ(x)
ϕ′(x) ψ′(x)

∣
∣
∣
∣

❊t ♦♥ ❛ ∀x ∈ R✱ W(ϕ; ψ)(x) 6= 0✳

Pr❡✉✈❡

◗✉❡ ❧✬♦♥ s♦✐t ❞❛♥s K = R ♦✉ C✱ tr♦✐s ❝❛s s♦♥t à ❡♥✈✐s❛❣❡r ✿

1er ❝❛s ✿ ϕ(x) = eαx✱ ψ(x) = eβx✳

W(ϕ; ψ)(x) =

∣
∣
∣
∣

eαx eβx(x)
αeαx βeβx

∣
∣
∣
∣
= (β − α)e(α+β)x 6= 0 (❝❛r α 6= β).

2è♠❡ ❝❛s ✿ ϕ(x) = eαx✱ ψ(x) = xeαx✳

W(ϕ; ψ)(x) =

∣
∣
∣
∣

eαx xeαx(x)
αeαx (1 + αx)eαx

∣
∣
∣
∣
= e2αx 6= 0.

3è♠❡ ❝❛s ✿ ϕ(x) = cos(sx)erx✱ ψ(x) = sin(sx)erx✳

■✳❊❧♠❛❤✐ ✶✼ ❆♥♥é❡ ✷✵✵✼✲✷✵✵✽
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W(ϕ; ψ)(x) =

∣
∣
∣
∣

cos(sx)erx (−s sin(sx) + r cos(sx))erx

sin(sx)erx (s cos(sx) + r sin(sx))erx

∣
∣
∣
∣
= se2rx 6= 0.

s 6= 0 (❖♥ ❡st ❞❛♥s ❧❡ ❝❛s ♦ù ✭❊✮❛❞♠❡t ❞❡✉① s♦❧✉t✐♦♥s ❝♦♠♣❧❡①❡s ❝♦♥❥✉❣✉é❡s✮.

❆✳ ✷ Pr♦♣♦s✐t✐♦♥

❙♦✐t (ϕ(x);ψ(x)) ✉♥❡ ❜❛s❡ ❞❡ SK(H)✳ ❖♥ ❢❛✐t ✈❛r✐❡r ❧❡s ❝♦♥st❛♥t❡s ❡♥ ❝❤❡r❝❤❛♥t ✉♥❡

s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ g ❞❡ ✭▲✮ ✈ér✐✜❛♥t ✿

{
g(x) = λ(x)ϕ(x) + µ(x)ψ(x) (1)
g′(x) = λ(x)ϕ′(x) + µ(x)ψ′(x) (2)

❊t g s❡r❛✐t s♦❧✉t✐♦♥ ❞❡ ✭▲✮ s✐ ❡t s❡✉❧❡♠❡♥t s✐ λ′(x) ❡t µ′(x) ✈ér✐✜❡♥t ✿

{
λ′(x)ϕ(x) + µ′(x)ψ(x) = 0 (3)
λ′(x)ϕ′(x) + µ′(x)ψ′(x) = c(x) (4)

Pr❡✉✈❡

⇒✮ ❙♦✐t g ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✭▲✮ ✈ér✐✜❛♥t ✭✶✮ ❡t ✭✷✮✳ ▼♦♥tr♦♥s q✉❡ g ✈ér✐✜❡ ✭✸✮ ❡t ✭✹✮✳

❖♥ ❛

g(x) = λ(x)ϕ(x) + µ(x)ψ(x)

g′(x) = λ′(x)ϕ(x) + λ(x)ϕ′(x) + µ′(x)ψ(x) + µ(x)ψ′(x)

❙✐ ❧✬♦♥ ✉t✐❧✐s❡ ✭✷✮✱ ✐❧ r❡st❡ ✿

λ′(x)ϕ(x) + µ′(x)ψ(x) = 0 (3)

❉❡ ♣❧✉s✱ y ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✭▲✮✳ ❉♦♥❝ g′′ + ag′ + bg = c(x)

(2) ⇒ λ′ϕ′ + λϕ′′ + µ′ϕ′ + µ′ψ′′ + a(λϕ′ + µψ′) + b(λϕ + µψ) = c(x)

λ′ϕ′ + µ′ψ′ + λ(ϕ′′ + aϕ′ + bϕ
︸ ︷︷ ︸

0

) + µ(ψ′′ + aψ′ + bψ
︸ ︷︷ ︸

0

) = c(x) = 0

■❧ r❡st❡ λ′ϕ′ + µ′ψ′ = c(x) ✭✹✮✳

⇐✮ ❙♦✐t g ✉♥❡ ❢♦♥❝t✐♦♥ ❞♦♥♥é❡ ♣❛r ✭✶✮ ❡t ✈ér✐✜❛♥t ✭✸✮ ❡t ✭✹✮✳ ▼♦♥tr♦♥s q✉❡ g ❡st ✉♥❡

s♦❧✉t✐♦♥ ❞❡ ✭▲✮ ✈ér✐✜❛♥t ✭✷✮✳

❖♥ ❛ g = λϕ+ µψ✱ ❞♦♥❝ g′ = λ′ϕ+ λϕ′ + µ′ψ✳ ❙✐ ♦♥ ✉t✐❧✐s❡ ✭✸✮✱ ♦♥ ♦❜t✐❡♥t g′ = λϕ′ + µψ′ ✭✷✮✳
❉❡ ♣❧✉s g ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ✭▲✮✱ ❡♥ ❡✛❡t ✿

g′′ + ag′ + bg = λ′ϕ′ + λϕ′′ + µ′ψ′ + µψ′′ + a(λϕ′ + µψ′) + b(λϕ+ µψ)
= λ′ϕ′ + µ′ψ′ + λ(ϕ′′ + aϕ′ + bϕ

︸ ︷︷ ︸

0

) + µ(ψ′′ + aψ′ + bψ
︸ ︷︷ ︸

0

)

= c(x) ❞✬❛♣rès ✭✹✮.

■✳❊❧♠❛❤✐ ✶✽ ❆♥♥é❡ ✷✵✵✼✲✷✵✵✽
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❆✳ ✸ ❊①❡♠♣❧❡

■♥té❣r❡r ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ✭▲✮ ✿

y′′ − 2y′ + 2y =
ex

cosx
s✉r ] − π

2
;
π

2
[

❊q✉❛t✐♦♥ ❝❛r❛❝tér✐st✐q✉❡ ✿ r2 − 2r + 1 = 0 ❞♦♥❝ ∆ = −4 = (2i)2

❙♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ✿ y(x) = (A cosx+B sinx)ex

❙♦✐t (ϕ(x);ψ(x)) ✉♥❡ ❜❛s❡ ❞❡ SK(H)✱ ❛✈❡❝

{
ϕ(x) = cos(x)ex

ψ(x) = sin(x)ex
✳ ❖♥ ❢❛✐t ✈❛r✐❡r ❧❡s ❝♦♥st❛♥t❡s

❡♥ ❝❤❡r❝❤❛♥t ✉♥❡ s♦❧✉t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ g ❞❡ ✭▲✮ ✈ér✐✜❛♥t ✿

{
g(x) = (λ(x) cos(x) + µ(x) sin(x))ex

g′(x) = λ(x)(− sin(x) + cos(x))ex + µ(x)(cos(x) + sin(x))ex

λ′(x) ❡t µ′(x) s♦♥t s♦❧✉t✐♦♥s ❞✉ s②stè♠❡ ✿

{
(λ′(x) cos(x) + µ′(x) sin(x))ex = 0

λ′(x)(− sin(x) + cos(x)) + µ′(x)(cos(x) + sin(x)) = 1
cos(x)

∆ =

∣
∣
∣
∣

cos(x) sin(x)
− sin(x) + cos(x) cos(x) + sin(x)

∣
∣
∣
∣
= 1.

∆λ′ =

∣
∣
∣
∣

0 sin(x)
1

cos(x) cos(x) + sin(x)

∣
∣
∣
∣
= − tan(x).

λ′ = − tan(x) = − sin(x)

cos(x)

λ = ln | cos(x)| + c1 = ln(cos(x)) + c1 (c1 ∈ R)

▲❛ s♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ❞❡ ✭▲✮ ✿

y(x) = (ln(cosx) + c1) cosxex + (x+ c2) sinxex

❆✳ ✹ Pr♦❜❧è♠❡ ❞❡ ❈❛✉❝❤②

❖♥ ❛♣♣❡❧❧❡ ♣r♦❜❧è♠❡ ❞❡ ❈❛✉❝❤② ❛ss♦❝✐é à ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡

✭▲✮ ✿ y′′ + ay′ + by = c(x)

t♦✉t s②stè♠❡ ❞❡ ❧❛ ❢♦r♠❡ ✿

(C) :







y′′ + ay′ + by = c(x)
y(x0) = α
y′(x0) = β

(x0; α; β) ∈ I × K × K.

❆✳ ✺ ❚❤é♦rè♠❡

▲❡ ♣r♦❜❧è♠❡ ❞❡ ❈❛✉❝❤② (C) ❛❞♠❡t ✉♥❡ s♦❧✉t✐♦♥ ✉♥✐q✉❡ y ❞é✜♥✐❡ s✉r ❧✬✐♥t❡r✈❛❧❧❡ ■✳

Pr❡✉✈❡ ✭❋❛✐t❡ ♦r❛❧❡♠❡♥t✮

❇ ▼ét❤♦❞❡ r❛♠❡♥❛♥t à ✉♥❡ éq✉❛t✐♦♥ ❞✉ 1er ♦r❞r❡

■✳❊❧♠❛❤✐ ✶✾ ❆♥♥é❡ ✷✵✵✼✲✷✵✵✽
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❇✳ ✶ Pr♦♣♦s✐t✐♦♥

❙♦✐t ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ✭▲✮ ✿ y′′ + ay′ + by = c(x)✳ ❙✉♣♣♦s♦♥s q✉❡ ❧✬♦♥ ❝♦♥♥❛ît

✉♥❡ s♦❧✉t✐♦♥ ϕ(x) ❞❡ ✭❍✮ ♥❡ s✬❛♥♥✉❧❛♥t ♣❛s s✉r I✱ ❛❧♦rs ❡♥ ❢❛✐s❛♥t ❧❡ ❝❤❛♥❣❡♠❡♥t

❞✬✐♥❝♦♥♥✉ y(x) = z(x)ϕ(x)✱ ♦♥ s❡ r❛♠è♥❡ à ✉♥❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❧✐♥é❛✐r❡ ❞✉

♣r❡♠✐❡r ♦r❞r❡✳

❇✳ ✷ ❊①❡♠♣❧❡

❙♦✐t ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ✭▲✮ ✿

(1 + x)y′′ − 2y′ + (1 − x)y = xe−x

❙✉r ] − 1; +∞[
❛✮ ▼♦♥tr♦♥s q✉❡ ϕ(x) = ex ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❤♦♠♦❣è♥❡ ✭❍✮ ❛ss♦❝✐é❡ à ✭▲✮✳

❜✮❘és♦✉❞r❡ ❧✬éq✉❛t✐♦♥ ✭▲✮✳

❛✮❖♥ ❛ ✿

(1 + x)ex − 2ex + (1 − x)ex = 0

❞♦♥❝ ϕ(x) = ex ❡st ❜✐❡♥ s♦❧✉t✐♦♥ ❞❡ ✭❍✮✳

❜✮❖♥ ♣♦s❡ y(x) = z(x)ex✳ ❉♦♥❝ y′(x) = (z′(x) + z(x))ex✱ ❡t y′′(x) = (z′′(x) + 2z′(x) + z(x))ex✳
❖♥ r❡♠♣❧❛❝❡ ❞❛♥s ✭▲✮ ✿

[(1 + x)(z′′ + 2z′ + z) − 2(z′ + z) + (1 − x)z]ex = xe−x

[(1 + x)z′′ + (2 + 2x− 2)z′]ex = xe−x

(1 + x)z′′ + 2xz′ = xe−2x

❖♥ ♣♦s❡ z′(x) = u(x)✳ ❖♥ ❛✉r❛ ✿

(1 + x)u′(x) + 2xu(x) = xe−2x

❊q✉❛t✐♦♥ ❤♦♠♦❣è♥❡ ✿

u′(x) +
2x

1 + x
u(x) = 0

❙♦❧✉t✐♦♥ ❣é♥ér❛❧❡ ✿

u(x) = ce−
∫

2x

1+x
dx = ce−2x+ln |1+x| = c(1 + x)2e−2x

❱❛r✐❛t✐♦♥ ❞❡ ❧❛ ❝♦♥st❛♥t❡ ✿ y(x) = c(x)(1 + x)2e−2x✳ ❘❡♠♣❧❛ç♦♥s ✿

c′(x)(1 + x)2e−2x =
xe−2x

1 + x

c′(x) =
x

(1 + x)3

x

(1 + x)3
=

A

(1 + x)
+

B

(1 + x)2
+

C

(1 + x)3

❖♥ ♠✉❧t✐♣❧✐❡ ♣❛r (1 + x)3✱ ❡t ♦♥ ❢❛✐t x = −1 ⇒ C = −1
❖♥ ♠✉❧t✐♣❧✐❡ ♣❛r (1 + x)✱ ❡t ♦♥ ❢❛✐t t❡♥❞r❡ ① → ∞ ⇒ A = 0
❖♥ r❡♠♣❧❛❝❡ x ♣❛r ✵✱ ♦♥ ❛✉r❛ 0 = B − 1 ⇒ B = 1

c(x) =

∫

(
1

(1 + x)2
− 1

(1 + x)3
)dx+K = − 1

1 + x
+

1

2(1 + x)2
+K

■✳❊❧♠❛❤✐ ✷✵ ❆♥♥é❡ ✷✵✵✼✲✷✵✵✽
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❞♦♥❝

u(x) = (− 1

1 + x
+

1

2(1 + x)2
+K)(1 + x)2e−2x = −(1 + x)e−2x +

1

2
e−2x +K(1 + x)2e−2x

❖♥ ❛ z′(x) = u(x)✳ ❉♦♥❝ ✿

z(x) =

∫

(−(1 + x)e−2x +
1

2
e−2x +K(1 + x)2e−2x)dx+K2

✸ ❊q✉❛t✐♦♥s à ✈❛r✐❛❜❧❡s sé♣❛r❛❜❧❡s

✸✳✶ ❉é✜♥✐t✐♦♥

❖♥ ❛♣♣❡❧❧❡ éq✉❛t✐♦♥ à ✈❛r✐❛❜❧❡s sé♣❛r❛❜❧❡s t♦✉t❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❞❡ ❧❛ ❢♦r♠❡

✭❙✮ ✿ y′ = a(x)b(y)

❖ù a ❡t b s♦♥t ❞❡✉① ❢♦♥❝t✐♦♥s ❝♦♥t✐♥✉❡s s✉r ❧❡s ✐♥t❡r✈❛❧❧❡s I1 ❡t I2✳ ❉❡ ♣❧✉s b ♥❡ s✬❛♥♥✉❧❡
♣❛s s✉r ❧✬✐♥t❡r✈❛❧❧❡ I2✳

✸✳✷ ▼ét❤♦❞❡ ❞❡ rés♦❧✉t✐♦♥

❖♥ é❝r✐t ✿ dy
dx

= a(x)b(y)✱ ❞♦♥❝ dy
b(y) = a(x)dx✳ ❊♥ ✐♥té❣r❛♥t✱ ♦♥ ❛✉r❛ ✿

∫
dy

b(y)
=

∫

a(x)dx+K

✸✳✸ ❆♣♣❧✐❝❛t✐♦♥ ❛✉① éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❧✐♥é❛✐r❡s ❞✉ 1er ♦r❞r❡

❈♦♥s✐❞ér♦♥s ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ✭▲✮ ✿ y′ = a(x)y✳ ❙✉♣♣♦s♦♥s q✉❡ y ♥✬❡st ♣❛s ❧❛ ❢♦♥❝t✐♦♥

♥✉❧❧❡✳ ❉❛♥s ❝❡ ❝❛s y ♥❡ s✬❛♥♥✉❧❡ ♣❛s s✉r I ✭❞✬❛♣rès ❧❡ t❤é♦rè♠❡ ❞✬✉♥✐❝✐té ❞❡ ❈❛✉❝❤②✮✳ ✭▲✮ s✬é❝r✐t ✿

dy

y
= a(x)dx

❊♥ ✐♥té❣r❛♥t ♦♥ ♦❜t✐❡♥t ✿

ln |y(x)| =

∫

a(x)dx+K

|y(x)| = ea(x)dxeK

y(x) = ε(x)eKea(x)dx ❛✈❡❝ ε(x) = ±1

❖r y ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ q✉✐ ♥❡ s✬❛♥♥✉❧❡ ♣❛s s✉r I✳ ❉✬❛♣rès ❧❡ t❤é♦rè♠❡ ❞❡s ✈❛❧❡✉rs

✐♥t❡r♠❡❞✐❛✐r❡s✱ y ♥❡ ❝❤❛♥❣❡ ♣❛s ❞❡ s✐❣♥❡ ❞♦♥❝ ε(x) = ε = 1 ♦✉ ❜✐❡♥ −1✳❉♦♥❝ ✿

y(x) = ce
∫
a(x)dx ❛✈❡❝ c = εeK �

■✳❊❧♠❛❤✐ ✷✶ ❆♥♥é❡ ✷✵✵✼✲✷✵✵✽



                        ENSAH

´ ´Fiche : Derivees et primitives des fonctions usuelles

Dans tout le formulaire, les quantitées situées au dénominateur sont supposées non nulles

Dérivées des fonctions usuelles

Dans chaque ligne, f ′ est la dérivée de la fonction f sur l’intervalle I.

f (x) I f ′ (x)

λ (constante) R 0

x R 1

xn (n ∈ N∗) R nxn−1

1

x
]−∞, 0[ ou ]0,+∞[ − 1

x2

1

xn

où n ∈ N, n > 2 ]−∞, 0[ ou ]0,+∞[ − n

xn+1

√
x ]0,+∞[

1

2
√
x

lnx ]0,+∞[
1

x

ex R ex

sinx R cos x

cos x R − sinx

tan x
i

−π

2
+ kπ,

π

2
+ kπ

h

, k ∈ Z 1 + tan2 x =
1

cos2 x

Opérations et dérivées

(f + g)′ = f ′ + g′ (f ◦ g)′ = g′ × (f ′ ◦ g)

(λf)′ = λf ′ , λ désignant une constante (un)′ = nun−1u′ (n ∈ N, n > 2)

(fg)′ = f ′g + fg′
„

1

un

«

′

= − nu′

un+1
(n ∈ N, n > 1)

„

1

g

«

′

= − g′

g2
(eu)′ = u′eu

„

f

g

«

=
f ′g − fg′

g2
(ln |u|)′ = u′

u

En particulier,si u > 0 : ∀a ∈ R, (ua)′ = αu′ua−1

Primitives des fonctions usuelles

Dans chaque ligne, F est une primitive de f sur l’intervalle I. Ces primitives sont

uniques à une constante près notée C.

f (x) I F (x)

λ (constante) R λx+ C

x R
x2

2
+ C

xn (n ∈ N∗) R
xn+1

n+ 1
+ C

1

x
]−∞, 0[ ou ]0,+∞[ ln |x|+ C

1

xn

où n ∈ N, n > 2 ]−∞, 0[ ou ]0,+∞[ − 1

(n− 1)xn−1
+ C

1√
x

]0,+∞[ 2
√
x+ C

lnx R∗

+
x lnx− x+ C

ex R ex + C

sinx R − cos x+ C

cos x R sinx+ C

1 + tan2 x =
1

cos2 x

i

−π

2
+ kπ,

π

2
+ kπ

h

, k ∈ Z tan x+ C

Opérations et primitives

On suppose que u est une fonction dérivable sur un intervalle I

• Une primitive de u′un sur I est
un+1

n+ 1
(n ∈ N∗)

• Une primitive de
u′

u2
sur I est − 1

u
.

• Une primitive de
u′

un

sur I est − 1

(n− 1) un−1
.(n ∈ N, n > 2.

• Une primitive de
u′

√
u

sur I est 2
√
u (En supposant u > 0 sur I.)

• Une primitive de
u′

u
sur I est ln |u|.

• Une primitive de u′eu sur I est eu.
En particulier, si u > 0 sur I et si a ∈ R \ {−1}, une primitive de u′ua sur I est :

Z

u′ua =

8

<

:

1

a+ 1
ua+1 + C si a ∈ R \ {−1}

lnu + C si a = −1
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TD1 : Equations Différentielles Linéaires

Exercice 1 :

1. Déterminer une équation différentielle homogène, du premier ordre à coefficients constants

réels telle que la fonction f(x) = e
x

ex+1
soit solution.

2. Déterminer une équation différentielle homogène, du second ordre à coefficients constants

réels telle que la fonction xe3x soit solution.

3. Résoudre les équations différentielles suivantes :

(L1) : y′ + 3x2y = x2

(L2) : x2y′ + xy = 1

(L3) : |1− x|y′ + xy = x

Exercice 2 :

Résoudre les équations différentielles suivantes :

(L1) : (1 + x)2y′ + 2xy = x+ ex

(L2) : y′′ + y − 2y = 9ex − 2

Exercice 3 :

Résoudre les équations différentielles suivantes

(L1) : y′′ − 3y + 2y = ex

(L2) : y′′ + y − 2y = xe−2x

Exercice 4 :

On considère l’équation différentielle

(L) : y′′ + y′ − 2y = 2x+ 1

1. Déterminer la solution générale de cette équation.

2. Déterminer l’unique solution y telle que y(0) = 0

Exercice 5 : On considère l’équation

(L) : y′′ + 2y′ + 4y = xex

1. Résoudre l’équation différentielle homogène associée à (L).

2. Trouver une solution particulière de (L), puis donner l’ensemble de toutes les solutions de (L).

3. Déterminer l’unique solution y de (L) vérifiant y(0) = 1 et y(1) = 0.

1



Exercice 6

1. Déterminer les solutions sur ]0,+∞[ des équations différentielles suivantes

(L1) : ln(x)y′ +
y

x
= 1

(L2) : y′′ − 2y + y = ex ln(x)

2. Résoudre l’équation différentielle

(L) : y′′ − 2y′ + y = cos(x)

3. Résoudre sur ]− 1,+∞[ l’équation différentielle

(L) : (1 + x)y′′ − 2y′+ (1− x)y = xe−x
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